Abstract. Using Brion-Vergne reciprocity theorem for homogeneous polynomial functions over a convex polytope, we give a combinatorial proof that if a Gorenstein toric Fano variety is asymptotically Chow semistable then it is Ding polystable. We also discuss relative Chow stability for Gorenstein toric del Pezzo surfaces using the combinatorial criterion developed in [YZ16] .
INTRODUCTION
Let (X, L) be a polarized projective variety of complex dimension n. One of the outstanding problem in Kähler geometry is to distinguish whether the first Chern class c 1 (L) contains a Kähler metric ω with constant scalar curvature (cscK metric). A parallel reasoning question in algebro-geometric view point is to study an appropriate notion of stability of (X, L) in the sense of Geometric Invariant Theory (GIT). This leads us to investigate various notion of GIT-stability and study the relation among them. For example, Ross-Thomas clarified the following implications among GIT-stability in their paper [RT07] :
Asymptotic Chow stability ⇒ Asymptotic Hilbert stability ⇒ Asymptotic Hilbert semistability ⇒ Asymptotic Chow semistability ⇒ K-semistability.
In [Mab08] , Mabuchi proved that Chow stability and Hilbert stability asymptotically coincide. Remark that for a fixed positive integer i ∈ Z + , Chow stability for (X, L i ) implies Hilbert stability for (X, L i ) (i.e. not necessarily asymptotic stability case) by the classical result due to Forgaty [Fo69] . See also [KSZ92, Corollary 3.4] for more combinatorial description of this result using GIT weight polytopes.
In order to describe our main theorem, we first recall that a complex normal variety X is called Fano if its anticanonical divisor −K X is ample. It is called Gorenstein if −K X is Cartier. Suppose that X is a smooth Fano variety (i.e. a Fano manifold) with a Kähler metric ω = √ −1g ij dz i ∧ dz j ∈ 2πc 1 (X).
Recall that ω ϕ = ω + √ −1∂∂ϕ is Kähler-Einstein if and only if ϕ is a critical point of either the K-energy ν ω or the Ding energy D ω where both functional defined on the space of Kähler potentials H ω = { ϕ ∈ C ∞ (X) | ω ϕ > 0 }. It is known that these functionals satisfy the inequality D ω ν ω which turns out to be the Ding invariant is less than or equal to the Donaldson-Futaki (DF) invariant [Ber16] . In the case where X is toric, Yao gave explicit description of the inequality between the Ding invariant and the DF invariant in terms of the associated polytope [Yao17, Proposition 7] . Hence obviously Ding stability implies K-stability for a Fano manifold. Moreover the converse direction has been also showed in [BBJ15, Fuj16] . Theorem 1.1 (Berman-Boucksom-Jonsson, Fujita) . Let X be a Fano manifold. Then Ding semistability is equivalent to K-semistability. Furthermore, Ding polystability (resp. Ding stability) is also equivalent to K-polystability (resp. K-stability).
On the one hand, these results seem reasonable since cscK metrics on Fano manifolds coincide with Kähler-Einstein metrics. Recall that for a compact Kähler manifold X with a fixed Kähler class [ω], ϕ is a critical point of ν ω if and only if ω ϕ is a cscK metric. On the other hand, summing up these previous arguments, we conclude that if a Fano manifold X is asymptotically Chow semistable then it is Ding semistable. In the toric case, we can show more general result in a simple way.
asymptotically Chow semistable, then it is Ding polystable.
Note that we only assume that (X, O X (−K X )) to be asymptotically Chow semistable and do not assume asymptotic Chow polystability in the above. This paper is organized as follows. Section 2 is a brief review of Gorenstein toric Fano varieties, Ding stability and asymptotic Chow stability. We prove Theorem 1.2 in Section 3. Section 4 deals with the reductivity of automorphism groups of toric Fano manifolds. We also discuss 3-dimensional K-polystable Gorenstein toric Fano varieties in Section 4.2. In the final section, we focus on relative Chow stability of toric varieties which was developed in [YZ16] . Using a combinatorial criterion of relative Chow stability (Theorem 5.2), we partially classify asymptotic relative Chow stability of Gorenstein toric del Pezzo surfaces. All the results are listed in Table 1 . For the reader's convenience, we list up the necessary combinatorial data of Gorenstein toric del Pezzo surfaces in Table 2 .
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2. PRELIMINARY 2.1. Gorenstein toric Fano varieties. We first recall the standard notation and basic definitions of Gorenstein toric Fano varieties, as it can be found in [CLS11, Ni05] .
Let N ∼ = Z n be a lattice of rank n, while M = Hom(N, Z) is the Z-dual of M. Let P ⊆ N R ∼ = R n be a lattice polytope with 0 ∈ Int(P ). We assume that all vertices of P are primitive elements in N. For a subset S of N R , we denote the positive hull of S by pos(S) i.e. pos(S) = v∈S R 0 v. Then
forms the fan which is often called the normal fan of P . It is well-known that the fan Σ = Σ P associates a toric variety X Σ with the complex torus
Here and hereafter we denote the associated toric variety by X for simplicity. Recall that the anticanonical divisor of X is given by −K X = ρ D ρ where D ρ is the torus invariant Weil divisor corresponding to a ray ρ ∈ Σ(1). Then the dual polytope of P (w.r.t. −K X ) is defined by ∆ = { y ∈ M R | x, y −1 for all x ∈ P } which is also an n-dimensional (rational) polytope in M R with 0 ∈ Int(∆). Let (X, ω) be an n-dimensional Fano manifold with a Kähler metric ω ∈ 2πc 1 (X). We set V to be the volume V := X ω n . Recall that the Ding functional
where ϕ t is a smooth path in H ω joining 0 with ϕ and ρ ω is the function which satisfies
Then we readily see that ϕ is a critical point of D ω if and only if ω ϕ is a Kähler-Einstein metric.
Next we recall a notion of a test configuration. A test configuration for a Fano variety (X, O X (−K X )) is a polarized scheme (X , L) with:
• a C × -action and a C × -equivariant proper flat morphism π : X → C, where C × acts on the base by multiplication.
• a C × -equivariant line bundle L → X which is ample over all fiber
Taking a Hermitian metric h 0 on O X (−K X ) with positive curvature, we can construct the Phong-Sturm geodesic ray h t which emanates from h 0 in H ω [PS07] . In [Ber16] , Berman defined the Ding invariant as the asymptotic slope of the Ding functional along the geodesic rays. Moreover he showed that
where the error term q is non-negative and
A Gorenstein Fano variety X is said to be Ding-smistable if for any test configuration
Moreover X is said to be Ding polystable if X is Ding semistable and Ding(X , L) = 0 if and only if (X , L) is equivariantly isomorphic to (X × C, p * 1 (O X (−K X ))) where p 1 : X × C → X is the projection. Now we consider the toric case. Let X be an n-dimensional toric Fano variety and ∆ ⊆ M R the corresponding reflexive polytope with the coordinates x = (x 1 , . . . , x n ). Recall that a piecewise linear convex function
, is a test configuration associated with a rational piecewise linear convex function u on ∆, so that iQ is a lattice polytope in M R × R ∼ = R n+1 . Here Q is given by
and R is an integer such that u R. Then iQ defines the n + 1-dimensional polarized toric variety (X , L) and a flat morphism X → CP 1 . Hence the family restricted to C gives a torus equivariant test configuration (X , L) for (X, O X (−iK X )).
The toric geodesic ray h t associated to a toric test configuration was described by SongZeldich [SoZeld12] . In [Yao17] , Yao detected an explicit description of the Ding invariants of toric Fano varieties. 
Then a reflexive polytope ∆ ⊆ M R is said to be Ding polystable if I ∆ (u) 0 for all convex piecewise linear functions u and the equality holds if and only if u is affine linear. One can observe that I ∆ (u) is invariant when we add affine linear functions to convex piecewise linear functions. Hence it suffices to consider normalized convex piecewise linear functions u on ∆ for our purpose, that is, u(x) u(0) = 0. The following observation was given by Yao [Yao17] , and we write down the detail for the reader's convenience.
Proposition 2.2 (Yao). If ∆ is a reflexive polytope, then the associated Gorenstein toric Fano variety (X, O X (−K X )) is Ding polystable if and only if the barycenter of ∆ is 0.
Proof. Suppose ∆ is Ding polystable. Hence
for any normalized convex piecewise linear function u. Applying (2.2) to linear functions, i.e. u = ±x i for i = 1, . . . , n we conclude ∆ x dx = 0. Conversely we assume that ∆ x dx = 0. Then for any normalized convex piecewise linear function u, Jensen's inequality implies that
Hence ∆ is Ding polystable.
Note that we only consider Ding polystability with respect to toric test configuration in this paper. However it suffices to check Ding polystability of toric Fano varieties only for toric test configurations [Ber16, CS16] .
2.3. Asymptotic Chow stability of toric varieties. In this section, let us briefly recall notion of Chow stability, see [Ono11, Y16] for more details.
Let X ⊂ CP N be an n-dimensional irreducible complex projective variety of degree d 2. Let us denote the Grassmann variety by G(k, CP N ). We define the associated hypersurface of X ⊂ CP N by
Remark that the construction of Z X can be regarded as an analog of the projective dual varieties as in [GKZ94, Chapter 1]. In fact, it is well known that Z X is an irreducible divisor in
, we define GIT-stability for the X-resultant R X as follows.
Definition 2.3. Let X ⊂ CP N be an n-dimensional irreducible complex projective variety. X is said to be Chow semistable if the closure of SL(N + 1, C)-orbit of the X-resultant R X does not contain the origin. X is said to be Chow polystable if the orbit SL(N + 1, C) · R X is closed. We call X Chow unstable if it is not Chow semistable.
Definition 2.4. Let (X, L) be a polarized projective variety. For i ≫ 0, we denote the Kodaira embedding by
is said to be asymptotically Chow semistable (resp. polystable) if there is an i 0 such that Ψ i (X) is Chow semistable (resp. polystable) for each i i 0 . (X, L) is called asymptotically Chow unstable if it is not asymptotically Chow semistable.
Next we will give a quick review on Ono's necessary condition for Chow semistability of polarized toric varieties. Let ∆ be an n-dimensional lattice polytope in M R ∼ = R n . The Euler-Maclaurin summation formula for polytopes provides a powerful connection between integral over a polytope ∆ and summation of lattice points in ∆. More specifically, for any polynomial function φ on R n , we would like to see how the summation
will behave for a positive integer i. If we take φ to be 1, I(φ, ∆)(i) is so-called the Ehrhart polynomial which counts the number of lattice points in i-th dilation of a polytope ∆:
Recall that the Ehrhart polynomial has an expression
where ∂∆ is the boundary of a lattice polytope ∆. Similarly if we take φ to be the coordinate functions x = (x 1 , . . . , x n ), then I(φ, ∆)(i) counts the weight of lattice points in i-th dilation of a polytope ∆:
Similar to the Ehrhart polynomial, it is also known that (2.3) gives the R n -valued polynomial satisfying
for any positive integer i. We call s ∆ (t) the lattice points sum polynomial. The following necessary condition of Chow semistability of projective toric varieties was obtained in [Ono11] .
Theorem 2.5 (Ono). Let ∆ be a lattice polytope, E ∆ (t) the Ehrhart polynomial and s ∆ (t) the lattice points sum polynomial. We fix a positive integer i ∈ Z + . If the associated toric variety X with respect to L i is Chow semistable, then the following equality holds:
Suppose a projective polarized toric variety (X, L) associated with a lattice polytope ∆ is asymptotically Chow semistable. Then there is an i 0 ∈ Z + such that (2.4) holds for any positive integer i i 0 . On the other hand, we observe that E ∆ (t) and s ∆ (t) are (R n -valued) polynomials. Hence polynomial identity theorem gives the following (see also 3. PROOF OF THE MAIN THEOREM 3.1. Ehrhart reciprocity law for polynomial functions. Let ∆ be an n-dimensional lattice polytope in M R ∼ = R n and φ a polynomial function on R n . As in Section 2.3, we consider
and
for a positive integer i.
The classical result of the Ehrhart reciprocity law says that the following equality holds for any positive integer i ∈ Z + : I(1, Int(∆))(i) = (−1) n I(1, ∆)(−i).
Brion and Vergne gave the following beautiful generalization of this reciprocity law [BV97] . we use this result for proving the following.
Lemma 3.2. Let ∆ be an n-dimensional reflexive polytope in M R . Let E ∆ (t) be the Ehrhart polynomial, s ∆ (t) the lattice point sum polynomial respectively. Then we have
Proof. We note that Int(∆) ∩ Z n = { 0 } since ∆ is a reflexive polytope. Taking φ = 1 and i = 1 in (3.1), we have
Similary, if we take φ = x and i = 1, then (3.1) becomes
3.2. A combinatorial proof. Now we prove our main theorem. (−K X ) ).
AUTOMORPHISM GROUPS AND K-POLYSTABILITY
4.1. Reductivity of Automorphism Group. In this section, we discuss the reductivity of automorphism group of toric Fano varieties. By a theorem of Matsushima [Mat57] , if a Fano manifold X admits a Kähler-Einstein metric in the positive first Chern class, the Lie algebra of holomorphic vector fields is reductive. Later Futaki found that there exists a Lie algebra character which is identically zero if X admits a Kähler-Einstein metric [Fut83] . This is the so-called Futaki character. In general, the Futaki character is a necessary condition for the existence of Kähler-Einstein metrics. However, Wang and Zhu proved that the Futaki character is even sufficient condition in the toric case, that is, a toric Fano manifold admits a Kähler-Einstein metric if and only if the Futaki character vanishes [WZ04] . Furthermore, the Futaki character of a toric Fano manifold can be calculated as the barycenter of the corresponding reflexive Delzant polytope [Mab87] . Combining the previous results in this section, one can see that the automorphism group of a toric Fano manifold is reductive if the barycenter of the corresponding reflexive Delzant polytope ∆ is zero. It is known that the set of roots (or Demazure roots) of a complete toric variety X is essential for determining the automorphism group of X. In this point of view, Nill proved that the automorphism group of a Gorenstein toric Fano variety is reductive if the barycenter of the associated reflexive polytope is zero, regardless whether X admits Kähler-Einstein or not: Hence it is natural to ask whether the reductivity of Aut(X) implies the condition Proof. Let X be a smooth toric Fano manifold, ∆ ⊆ M R the associated reflexive Delzant polytope. We first recall a sufficient condition for the automorphism group Aut(X) of X to be reductive.
Let ∆ * ⊆ N R be the dual polytope of ∆. We denote the set of vertices of a polytope P by V(P ). By Theorem 5.2 in [Ni06] , if a reflexive polytope ∆ * satisfies the condition
Among all toric Fano threefolds (18 types), there are exactly 5 classes which satisfy the condition v∈V(∆ * ) v = 0, namely, 1 (1, −1) ) and CP 1 × S 6 , where S 6 is the del Pezzo surface with degree 6. All of those toric Fano threefolds admit Kähler-Einstein metrics. In particular, one can check that v∈V(∆ * ) v = 0 yields ∆ x dx = 0 for any three dimensional reflexive polytope [Øbro] . Among all toric Fano fourfolds (124 types), there are exactly 16 isomorphic classes which satisfy the condition v∈V(∆ * NP11] . Specifically, if X is a toric Fano fourfold one of D 19 , H 10 , J 2 and Q 17 in Batyrev's notation, then X does not admit a Kähler-Einstein metric in the first Chern class but Aut(X) is reductive. 
ASYMPTOTIC RELATIVE CHOW STABILITY
Recently relative Chow stability has been investigated by many researchers for dealing with Calabi's extremal metrics of Kähler manifold [Mab16, Seyya16, Hashi17] . In the final section, we study asymptotic relative Chow stability of toric Fano varieties which was developed in [YZ16] . Applying a combinatorial criterion of relative Chow stability in the toric sense, we partially classify asymptotic relative Chow stability of Gorenstein toric del Pezzo surfaces.
5.1.
Fundamental results on relative Chow stability. We quick review notion of relative Chow stability and related results. See [YZ16] for more detail.
Let us consider a reductive complex algebraic group G with Lie algebra g. Suppose G acts linearly on a finite dimensional complex vector space V. This induces a natural Gaction on P(V). We will abbreviate v ∈ P(V) and its representatives in V. Let T be a The corresponding Reflexive ID numbers in [Øbro] are 2356, 3875, 3036, 1530, 3298, 421, 199, 198, 219, 4251,  4167, 3416, 2131, 2078, 1324, 610, 25, 31, 4287, 3350, 776, 510, 5, 769, 9, 1, 4312, 3314, 430, 428, 1497, 735 . torus in G with Lie algebra t. We assume that T fixes the point v. Using an inner product , and the Lie bracket [ , ], we define subalgebras of g by
Then the corresponding Lie group of g T (resp. g T ⊥ ) is denoted by G T (resp. G T ⊥ ). Following classical GIT (see Section 2.3), we call v ∈ P(V) is semistable relative to T if the closure of
v is said to be unstable relative to T if it is not semistable relative to T . Let us consider relative stability of the Chow form. For an irreducible complex projective variety X ⊂ CP N , we choose G = SL(N + 1, C) and T to be the C × -action induced by extremal vector field.
Definition 5.1. A complex irreducible projective variety X ⊂ CP N is said to be relatively Chow polystable (resp. semistable, unstable) if the X-resultant R X of X is SL(N + 1, C)-polystable (resp. semistable, unstable) relative to T .
The definition of asymptotic relative Chow stability is analogous to Definition 2.4, hence we do not repeat the definition in this paper (see [YZ16, Definition 3.6]).
5.2.
Toric reduction of relative Chow stability. We consider the toric case. In particular, we are interested in the case where X is an n-dimensional Gorenstein toric Fano variety with the associated reflexive polytope ∆ ⊆ M R ∼ = R n . As in [Yao17] , the Ricci affine function ℓ ∆ associated to ∆ is the unique function determined by ∆ ℓ ∆ u dx = u(0) for any affine linear function u, namely, one can solve the linear system
in order to find ℓ ∆ (x) = a i x i + c with a i and c. Defining θ ∆ := 1 − vol(∆)ℓ ∆ , we consider its averageθ
where { a 1 , . . . , a N +1 } are lattice points in ∆. Denoting 
).
we obtain a necessary condition for the associated polarized toric variety to be asymptotically relatively Chow semistable. In particular, the vanishing Futaki character i.e. ∆ x dx = 0 implies θ ∆ ≡ 0. This means θ i∆ (a) = 0 for any i ∈ Z + and a necessary condition of asymptotically Chow semistability for all i ∈ Z + . Hence we obtained the same equality in (2.4). Moreover, ∆ x dx = 0 implies that a∈∆∩(Z/i) n ia = 0 for any i ∈ Z + . Remark that this is equivalent to the vanishing of the obstruction for asymptotic Chow semistability in [Mab04] (see [Ono11, p.1385] ). Since X admits a Kähler-Einstein metric, it must be asymptotically Chow polystable [Mab05] . Hence we verified the assertion for these 5 classes.
Let X be a Goresntein toric del Pezzo surface labeled with 5b in Table 1 . Then the associated reflexive polytope ∆ ⊆ M R is given by We claim that X is asymptotically relatively Chow unstable by using Corollary 5.3. Hence it suffices to show that there is no s 1 ∈ R satisfying (5.2) for i = 1. See Remark 3.12 and Proposition 5.4 in [YZ16] . We readily see that This yields that there is no s 1 ∈ R satisfying (5.2). Alternatively one can show the instability of X as follows. From the above computation of θ ∆ one can verify that X is relatively K-unstable by Theorem 1.4 in [YZ16] . Recall that if a polarized toric variety is asymptotically relatively Chow semistable, then it is relatively K-semistable [YZ16, Theorem 1.12]. Hence the assertion is verified.
Let X be a weighted projective space CP (1, 1, 2 ). This is a Gorenstein toric del Pezzo surface labeled with 8c in Table 1 and the corresponding reflexive polytope ∆ is ∆ = conv { (−1, 2), (1, 0), (−1, −2) } .
The minimal embedding of X is X = { [x 0 : x 1 : x 2 : x 3 ] ∈ CP 3 | x 0 x 1 − x 2 2 = 0 } with 1 A 1 -singularity [KN09] . We prove that (X, O X (−K X )) is relatively Chow polystable. A straightforward computation shows that E ∆ (i) = 4i 2 + 4i + 1, 
